AN EXISTENCE THEOREM FOR FIELDS
WITH KRULL VALUATIONS

BY
P. RIBENBOIM

Introduction. (a) In 1925, Hasse [2] proved the following existence theorem:

Let K be a field of algebraic numbers, and Py, ..., P, prime ideals of the ring
A of algebraic integers of K; for each i = 1,...,s denote by K, = A/P, the residue
class field of 4 modulo P;. Suppose given, for each i =1,...,s, g; positive integers
€1,...,¢q, and g; (non necessarily distinct) algebraic extensions Kijl K, of finite
degree f;; (j=1,...,9;) in such a way that

gi
1) e, fy=n (for every i =1,...,5s).
ji=1

Then, there exists a finite extension K of K, having degree n, such that, for each
i=1,...,s, the prime ideal P; decomposes in the field K as a product

gi
P, =[] P,
i=1

P, being prime ideals of the ring 4 of algebraic integers of K, having residue
class field A/P,; = K;;.

(b) In 1959, Krull [5] indicated (among other results) the following general-
ization of Hasse’s theorem:

Let K be a field, let vy, ..., v, be discrete valuations (of rank 1) of K, and assume
that K has at least one further discrete valuation v; for each i =1,...,s, denote
by Ki = K/v, the residue class field of K with respect to the valuation v;.

Suppose given, for each i =1,...,s, g; positive integers ey, ..., €4, and g; (not
necessarily distinct) simple extensions K;; of K; of finite degree f;; (j =1,...,4)
[in particular, this is the case when R.;| K; are finite separable extensions, for
example, when the fields K, are perfect]; furthermore, we assume that for
every i =1,...,s the relation (1) holds. Then, there exists a finite separable
extension K of K, having degree n, such that for every i =1,...,s, the val-
uation v; of K has g; distinct prolongations v;,, ...,v;, to K, having ramification
indices e;; and residue class fields K/v;; =K;; (j =1, ..., 4)).

Krull’s theorem applies to fields of algebraic functions of one variable over a
finite constant field, or over a constant field of characteristic zero; the extra
valuation required in the hypothesis may be taken to be the valuation at the
“‘point at infinity>> in the classical sense.

(c) In our paper, cf. [8], we have proved a result along the line of Krull’s
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theorem; instead of s valuations of K we dealt there with only one valuation,
which was supposed to be discrete of rank r = 1.

In the prolongation of this valuation to a separable extension, it is possible
to specify independently the ramification indices, the extensions of the residue
class field and the tree to be generated by the prolongations of the valuation.

(d) It is our purpose here to complete our previous investigations, obtaining
a similar theorem, starting from a finite set of discrete valuations of rank r > 1
in a field K, which may generate any tree whatsoever.

We obtain an existence theorem, whose full statement will be given after adequate
terminology is introduced.

1. Definitions. In order to prepare for the statement of the main theorem
we must introduce several concepts.

DEFINITION. A tree (of length r = 0) is a set I satisfying:

(1) T is a finite ordered set (by a relation <);

(2) Z has first element §;

(3) for every element y e T the set {y’ € T|y’ < y} is totally ordered;

(4) all the maximal chains in T have r + 1 elements (these conditions are
mutually independent).

It follows that:

(5) T is an inf-lattice: if y, ' €T then there exists the infimum y A ' eT.

DEFINITION. Let I be a tree. The length of y e is said to be 1,(y)=1I whenever
the set {y’ €T |y’ <y} has I+ 1 elements.

In particular, é has length 0, the maximal elements of T have length r (equal
to the length of T).

We denote by 9 the set of all maximal elements of T and by B the set of all
elements of T with length 1.

DEFINITION. A value function of the tree T (of length r) is a mapping I" that
associates to each ye T a totally ordered abelian additive group, I'(y), satisfying
the following conditions:

(6) I'(y) is a group of rank r if and only if y is a maximal element of T;

(7) if y’ < y there exists a homomorphism ( of ordered groups) 8, ,.: T(y) = T'(y")
which is onto I'(y’), and moreover, this homomorphism is an isomorphism
if and only if y =y';

8 ify"<y'<ythenb,,=80,,080,,.

From the above conditions 6, 7, 8, we deduce:

(9) I'(y) is a group of rank [ if and only if y is an element of length ! of T;

(10) I'(6) = 0, trivial group.

DEFINITION. A field function of the tree T (of length r) is a mapping K that
associates to each ye I, y # J, a field K(y), satisfying the following conditions:

(11) if y' <9, 9" # 9, there exists a place n,/y’ of K(y'), with value field equal
to K(y) (in particular, this place is trivial if and only if y’ = y);
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(12) if y" S 9" Sy, ¥" # 6 then n/y" = (n,/y") o (m,/7").

DEFINITION. Let T be a tree, " a value function of T and & a field function of
%. The triple € = {I, T, R} is called a configuration. We say that € has length
equal to the length of the tree X.

DeriniTION. Let € = {T,T, &}, €' = {T',I"", K’} be configurations. A mapping
I1:T - T’ which s an order preserving isomorphism from T onto 3’ is called an
isomorphism of € onto €' whenever the following conditions are satisfied:

(13) for every yeX : I(y) = I"((y));

(14) for every ye T, y # 0 : K(y) = K'U®)).

A finite set B of valuations of finite rank r of a field K defines a configuration
in the following way.

Let T be the set of all valuations of K coarser than at least one of the given
valuations. Then, ¥ is a tree of length r, as it is well known (cf. [6; 8]).

For each valuation veX let us consider its value group v(K); the mapping
v — v(K) is a value function of the tree T. If v’ < v in T, then there exists a prime
ideal P of the ring of v, such that v’ =vp; if A is the isolated subgroup of v(K)
corresponding to P, we take 0, , :v(K)—v'(K) to be the quotient mapping
by A.

For each nontrivial valuation veX, let us consider the residue class field
K/v of K with respect to v; the mapping v — K/v is a field function of the tree .
If v v in I, if v’ = vp, let v/P be the valuation of K/v’ having ring A/P; we
take 7,/v’ to be the place of the field K/v' associated with the valuation v/P.

Hence, we have assigned to K and the set B of valuations the configuration
€ = {T,v->0v(K), v— K/v}, which we call the configuration of K generated by
the set B of valuations of rank r.

DEFINITION. A tree T is a prolongation of a tree T (or lies over ¥) when there
exists a mapping p : ¥ — T such that:

(15) p is an order-preserving mapping onto ¥;

(16) for every yeX: Ix(y) = lx(p(¥));

(A7) if y, y'eX and p(y) < p(y’) there exists y; €T such that y <y; and
p(v1) = p(y’); (these conditions are mutually independent).

It follows that:

(18) if y <y’ in I then p(y) < p(y’) in T;

(19) p(y) = & if and only if y =4;

(20) p(y) is maximal in % if and only if y is maximal in I;

(21) the length of € is equal to the length of €.

DEFINITION. A configuration € = {T, T, R} is a prolongation of a'configuration
€ ={2,I, 8} (or lies over €) whenever the tree T is a prolongation of T (with
a mapping p) in such a way that:

(22) for every ye T the group I'(p(y)) is an ordered subgroup of the group
r(;
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(23) if y' <y then 0, 5., is the restriction of 8, ,. to I'(p(y));i

(24) for every yed, y # 4, the field & (p(y)) is a subfield of K(y);

(25) ify' <y, y" # 6, then m,,/p(y’) is the restriction of 7,/y’ to K(p(y")).

It follows that the groups I'(y), I'(p(y)) have the same rank, equal to Iz(y)
= lg(p()).

The mapping p is called the covering mapping of € over €.

It is clear that if €, €, €' are configurations and € lies over €, €’ lies over
@, then ¢’ lies over €.

Let K be a field and B a ninite set of valuations of rank r of K; let K be
an algebraic extension of degree n over K and B be the (finite) set of valuations
of K extending the valuations in 8.

Then, the configuration € of K, generated by the set B, is a prolongation of
the configuration € of K generated by the set %B.

Indeed, we take for p(v) the restriction of the valuation v to the subfield K and
we conclude using well-known results of the theory of valuations [8 ;10].

Let us denote by I(B) the tree defined by the set of valuations B and by
(V) the tree defined by the set B of their prolongations to K.

If veX(B), let F(v) ={v'eB |v’ 2 v}; in this set we introduce the equiva-
lence relation v’ = v” (in §(v)) when v’, v” have the same restriction to K.

We point out the following trivial facts: §(v,) = B (where v, is the trivial
valuation); if vy,v, € T(B), v,#v,, and have the same rank, then F(v,) N F(v;)
=g; if vy,v, e UB), v, S v, then F(v,) 2 F(v,).

For each valuation ve® let us denote by E(v) ={ve B|p(v) =v}; then
€(v) is an equivalence class in F(v,) = B.

Let 2B be the set of all we I(B) having rank 1. In I8 we define the equivalence
relation: w, = w, (in W) whenever their restrictions to K coincide. If we T(B),
and it has rank 1, let €,(w) = {w eﬂBl the restriction of w to K is w}; then €;(w)
is an equivalence class in .

Now, if ve B, if w is the unique valuation of K, of rank 1, v = w, we have:
the sets (v) N F(w), where w e €,(w), are pairwise disjoint,

) = U @@ nFw)

w €€ (w)

and E(v) N F(w) # @ if and only if weE,(w).

We give now a proof of these last assertions. If w,w’e €,(w), w # w’, then
W) N F(w') =@, hence the sets E(v) N F(w) are pairwise disjoint; if veB
has restriction to K equal to v, then the unique valuation of rank 1 w,v = w, has
restriction w, so we@,(w) and veC(v)n F(w); finally, let weE,(w), then
(cf. [10]), there must exist a valuation v of K whose restriction to K is v and such
that w < v, which shows that &(v) N F(w) # 8; conversely, if veE(v) N Fw),
then the restriction o( w is coarser than v, hence coincides with w.
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Let us suppose, furthermore, that:

(i) each valuation v € B is discrete of rank r;

(ii) for each valuation v’ strictly coarser than some of the valuations ve B,
the residue class field K/v' is a separable extension of K/v’ (where v’ is the restric-
tion of v’ to K); in particular , K is also a separable extension of K.

If v e I(B) and v is its restriction to K, we let e(v) = (v(K):v(K)), f(v)
= [K/v: K/v]; in particular, if v is the trivial valuation v,, then e(vy) =1,
f(v) =n =[K: K].

Then, with above hypothesis and notations, we have, for each v’ e I(8B) and
for each equivalence class € in F(v'):

, ).
3 foy=T 50
(cf. [10]). In particular, when we consider the trivial valuation, we obtain for
each valuation ve B:
@ n=[K:K]= X e(@)-f().
v €€ (v)

All these considerations suggest us to introduce some definitions and nota-
tions.

Let € = {%, I', !} be a configuration, let € = {T,I', ]} be a prolongation of
the configuration €,p the covering mapping.

For each ye T let F(y) = {y’ €T |y’ = y, ¥’ maximal in T}; in this set we intro-
duce the equivalence relation ' = y” (in J(y)) whenever p(y’) = p(").

(26) We have: F(5) = M (set of all maximal elements of I); if yy,7,€X,
y1 # 7, and y;,7, have the same length, then §(y,) N F(y,) =0; if y4,7,€T,
71 S 72 then F(yy) 2 F(r2)-

The proofs are straightforward.

For each ye M (set of maximal elements of ¥), let €(y) = {yeI|p =1}
hence each y e €(y) has length r and €(y) is an equivalence class in .

Let B be the set of all eI with length 1. In B we define the equivalence
relation: B, =B, (in B) whenever p(B,) = p(B,). If peZ, with length 1, let
€,(B) = {B|p(B) = B}: then E,(B) is not empty and it is an equivalence
class in B.

(27) Now, if yeM < %, if P is the unique element of B < T (of length 1),
B < v, we have: the sets €(y) N F(B), with p(B) = B, are pairwise disjoint,

emn= U Enng®
BEE ()
and §(y) N F(B) # @ if and only if f e E,(P).

Indeed, if B, B’ e €,(B), B # B’ then F(B):N F(B') =@, hence the sets E(y)
N F(B) are pairwise disjoint; if yeIR, p(y) =y then for the unique element
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Be B such that f <y, we have p(B) < p(y) = v, hence p(f) = B and BeC,(B),
y€E(y) N F(P). Finally, let fe€,(B), let ye E(y), hence p(B) =B <7y =p(y),
hence there exists (by property 17) y, € ¥ such that § <y, and p(y,) = p(y) = v,
that is y; € €(y) N F(B); conversely, if ye €(y), y 2 B, then v =p(y) 2 p(p),
so that p(f) =B and fe C,(P).

DerINITION. Let € = {2, T, 8}, € ={T, I, K}, be configurations such that
€ is a prolongation of €. We say that € is an admissibble prolongation of €
whenever:

(28) for every yeX the index (I'(y): I'(p(y))) is finite, denoted by e(y);

(29) for every yed, y # 4, the field K(y) is a separable extension of K(p(7))
of finite degree, denoted by f(y);

(30) for every y’'€X, y’ # ¢ and for each equivalence class € of F(y'):

" ew) ooy
®) 10)= T <510
(31) for any two equivalence classes €, €’ in §(5) = I we have:
6 Tey) f= X () f()
v €€ yee

2. The theorem. We want to now prove the following converse existence
theorem:

THEOREM. Let K be a field, B a finite set of discrete valuations of rank
r =1 of the field K, let € ={Z, v— v(K), v— K/v} be the configuration of K
generated by the given set of valuations. We suppose:

(32) for each u=Z% having rank strictly smaller than r, there exists a dis-
crete valuation v’ of rank r such that v' Av = u for every ve B, v > u.

Let € be a configuration which is an admissible prolongation of €, and de-
note by p:¥ — X the covering mapping of € over €.

Then, there exists a finite extension K|K such that:

(33) K| K is separable;

(34) there exists an isomorphism I of the configuration & onto the configu-
ration of K generated by the set B of valuations which extend the valuations of
B to K, in such a way that p(y) is equal to the restriction to K of the valuation
I(y) of K;

(35) for each valuation ve B:

[K:K] = X e(v) - f(v)

(sum over the set 1€(v) of valuations v of K which extend v).

Proof. The theorem will be proved by induction on the rank r.

If r =1 the theorem reduces to Krull’s existence theorem [5], the hypothesis
32 being exactly Krull’s hypothesis of the existence of a further discrete valuation
of rank 1 in K.
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We now suppose that r > 1 and that the theorem is true for fields with the
above properties and given valuations of rank at most r — 1.

Let B be the set of elements of length 1 in I.

For each fe B we shall define a configuration €.

Let T, = {yeX|B < y}; Ty is again a tree, with first element B and length
r —1>0. We remark that I ,(y) =l:(y) — 1 for every yeZT,.

Let I'; be a mapping that associates to each y e T, the following totally ordered
abelian additive group: I'y(y) = ker0, ;.

Then I is a value function for the tree ;. Indeed, Is(y) is a group of rank
r — 1 if and only if y is a maximal element of I;, because I'(f) has rank 1, hence
ker 0, 4 has rank r — 1 whenever I'(y) has rank r. If y’' <y we define (6p),,, :
Tp(y) » Tg(y’) as the restriction of 6, ,. to T'y(y); for that purpose, we must notice
that from g <y’ <y it follows that 0,, = 0, 500, ,, hence T'y(y) = kerf,,
=0,, (ker 0, 5 =0, [T4(y")]; on the other hand, (6;),,, is onto Ty(y) =
ker 6, 5 asis shown by the commutative exact diagram below:

0 0
T A
|
0 - I(f) ——— T(}) ——— 0
AF T A
™ 6,5 Oy .
is 07:”’ ’
0 ——— kerd,, » T'(y) > T — 0
i (03)7.7’ ,
0 ——— ker (6p), , —> (p(») - Iy(p) ————>0
0 0 0

Indeed, let a eT4(y’), then there exists beI(y) such that 6, ,(b) =i (a). But
0=0, g0i(a)=0,,500,,(b) = ijo0,4b), hence 0,,b) = 0, so we have
b = i;(c) for some ceTy(y) and i, o (6p),,,(c) = 0, o i3(c) = iy(a) from which
we conclude that (6y),,,(c) = a.

Moreover, (6p),,,- is an isomorphism if and only if y = y’; it is sufficient to
show that the mapping i, is onto ker6, ,.. Let acker#, , and is(a) =b, then
6,,,(b) =0, hence 0 =0, 4 - 0, ,(b) = i, o 0,4(b), thus 8, 4(b) = 0 and there
exists ¢ € [y(y) such that iy(c) = b; it follows that 0 =0, ,. o is(c) =i, (6, ,(c)
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hence (6p),,,(c) = 0 and there exists d € ker(),,,- such that ig(d) = c; finally,
isoid) = iyoig(d) = b = is(a), so i, (d) = a.

Finally, if y” < y" <y then (6p),,,» = (6p),",y~ © (0p),,,» because those mappings
are defined as restrictions of corresponding mappings 6, ,., 6, ,-, 0, ..

Let now K, be the mapping that associates to each yeI;, y # B, the field
K(») = K(y); we put also (my),/y" = mg/y’ whenever f <y’ <.

Then, this mapping is a field function for the tree I, the conditions being
trivially satisfied.

This being so, we now have, for every f&B, a configuration € = {T,,I, K}
whose tree has length r — 1.

Let I8 be the set of valuations we € having rank 1; hence, by 16, I = p(B).
For each wefB, let B(w) = {veB|v = w}; then the sets B(w) are pairwise
disjoint and their union is 8. For each we B we denote also by €,(w) = {fe B|
p(B) = w}, hence these sets are nonempty, pairwise disjoint and their union is
B. Similarly, for each veB let €(v) = {yel]p(y)=v}, let we?B be the
unique valuation of rank 1 such that w <, then: feE,(w) if and only if

C@)NF(P) # @, and
¢ = U @ n By

BEE (W)

these sets being pairwise disjoint, by 27.

We remark also that the maximal ideal Q@ of the valuation ring of we W is
a prime ideal of the ring of every valuation veZ , v = w.

For each fe Blet I_(,, =K/w be the residue class field of K with respect to
p(B) = w and for every ve Z, v = w, let v = v/Q; the fields I_(,,, K—,l coincide when
p(B) = p(B").

Then 2, ={v= v/QIveZ v > w = p(B)} coincides with the tree of Kn gen-
erated by the set By = {v|ve B, v w = p(B)} (cf. [6)).

We want to show now that the configuration E, is an admissible prolongation
of the configuration (S, of K,, G,, = {I,,, v v(K,,), v—»K,,/v} generated by
the set B, of valuations of K,.

Let pp: %5 I,, be defined by pg(y) = p(y)/Q. We have indeed p,(y)eI, be-
cause p(y)€Z, y 2 B, implies p(y) 2 p(B) = w hence p(»)/Q e T,

(158) The mapping p; is clearly order-preserving and onto I,, if veI,, then
v = v/Q, with veT = p(T), v =w = p(P); if yeT is such that p(y) =v = p(B),
there exists ' = B such that p(y’) = p(y) = v hence y' €I, and py(y’) =v.

(16B) If ye X, then, by 16, 1:(y) = lz(p(y)); as lzp(y) =la(y) — 1 and py(y)
= p)IQ then I5(p4) = lax(p() — 1 = Ly(y).

(178) Let y, y' €T, and py(y) < pg(y’); then p(y) < p(y’), hence (by 17) there
exists y; €T, such that y <y, and p(y;) = p(y'), hence py(y;) = pp(y’); from
B <y <y it follows that y; €T,.
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Thus, we have established that T; is a prolongation of f,,. We show now:

(22B) For every yeX, the value group of the valuation v = p(y)/Q of pr is
an ordered subgroup of the group I'y(y).

Indeed, v(K;) = A, isolated subgroup of »(K) (where v = p(y) = w) which
corresponds to the prime ideal Q of the ring of the valuation v. On the other hand,
by definition I's(y) =ker@, ;. By hypothesis, »(K) is an ordered subgroup of
I'(y), w(K) is an ordered subgroup of I'(B) and 0, ,5 = 0y, : ¥(K) - w(K)
is the restriction of 0, 4 to v(K). Thus, we have the following commutative exact
diagram:

071ﬂ

0 » Ty(y) —2—— T(y) > T N
1 T T
! A iy iy
| .
® s 5(K,) — 2 o(K) — ¥y (k) , 0

Indeed, let aev(K;) =A, b=i,(a), then 0,,(b) =0 hence 0 =i, o 0, ,(b)
= 0,5 © i3(b) hence there exists ce Iy(y) such that i;(c) = ij(b) = i3 iy(a);
we define A(a) = c; thus i, o (@) = i; o i5(a), the diagram is then commutative;
A is clearly an order-homomorphism and finally, if A(a¢) =0 then 0 = i, - A(a)
= i; o i,(a) hence a =0.

(23p) If y" =y in Ty then (6p),, 5,0, is the restriction of (6p),,,- to the value
group of v = p(y)/Q.

Let v = p(y), v =p(y’), v' =v'/Q. By hypothesis, v»(K) is an ordered sub-
group of I'(y), v'(K) is an ordered subgroup of I'(y’), 8, ,. is the restriction of
0,., to v(K).

Hence, the following diagram on the next page is exact and ommutative.

Indeed, we want to show that p o (8s);5 = (6),,, o 4. Let aeB(I?p) then
Jrono(Op)s5(a) = Jjs oj2o(Op)55(a) = jso055 o ixa) = 0,, oi;eiya)
=0, 0iy o Aa) = j; o (0p),,, o A(a) hence p o (8p); 3(a) = (6p),,, o Xa).

(24B) Let yeX,, y # B; then Ky(y) = K(p). On the other hand, the residue
class field of K/w = K_p by the valuation v = v/Q is the same as the residue class
field of K by the valuation v : K,;/v = K/v. By hypothesis, R(y) = RK4(y) is an
extension of the field K/v = K,/v.

(25B) Let B <y’ <9, p(y) =", p(y) =0, pp(y") = v'[Q = V', py(y) = v/Q = ».
We show now that the place n;/v’ of Ky/v' = K/v’ (associated with the valuation
/P, where v’ =vp and P =P/Q) is the restriction of the place m,/y" of Ky(7)

=K.
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0r
> I’ (B) » I (ﬁ)v-0>
/ / A
/ /(o: ! A
er(f),e)y " I, p(v)_-b 3(y)—0
o / /A
0 0
&) iy Js3
0
A u / }
/0— — = wK)— | ——w(K)»
0 0
/ 0.
0—= ker8, 5 |————"= 0(K) | a0 (K ) —2= 0
o/ | T
0 20

Lker(o,,) e H(K,) ey 7' (K s) — - )

0/‘ O/T (0p)5 5- /T

0
0 0

Indeed, we remark that /P =v/P and by hypothesis the restriction of the
place 7,/y": S(y") = K(y) is the place associated to v/P; we conclude noting that
K:0") =8RG, K(v) = K and (mp),/y" = m,/[7".

We know now that @, is a prolongation of €4, and we proceed to prove that
it is an admissible prolongation.

(28B) Forevery yeZX, the index ([y(y) : B(l?,,)) is finite (where v = v/Q, v=p(y)).

Indeed, from the exact diagram (8) we deduce:

(10) (T@) : o(K)) = (T,(n): 9(Ky) + (T(B) : w(K)
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and the finiteness of (I's(y) : 5(1?,)) comes from the hypothesis which implies
that (I'(y) : v(K)) is finite.

(298) For every yeZ,, y # B, the extension R,,(y)|(l?p/5) is of finite degree
(where v= p(y), v =v/Q) and separable.

It is an immediate consequence of the hypothesis, noticing that K,(y) = K(7)
and K,,/v = K/v.

(308) For each y2 B, let Fyy) = {y'€T;|y<y’, y' maximal in T}
let y"=9" in Fs(y) whenever py(y") = ps(y”). We want to show that for
every y €T, 7 # B, and for every equivalence class €, in §4(y) we have

an IR0 (] = & B0 TED g (ke
7€ (Tp(y) : "(Kp))

This will follow from the hypothesis, if we observe successively that R,(y)
= K(), I_(p/i!' = K/v, 804" = K@), i(,,/? = K/v', by using the relation (10)
and finally by remarking that () = F(y) and also each equivalence class &,
coincides with an equivalence class €, because p(y) = p(y’) if and only if py(y)

=pp(¥’).
(31P) Let €, €4 be two equivalence classes in Fy(f) = F(B); we have then:

(12) I (@00 : oK) [R0) = Kyfol = T (T,r): 0'(Kp)- [R50): Kyfo')
re€, v €€p,
Indeed, by hypothesis 30 and above considerations, we have

(3) [80): Kw] = % B - [R0) : Kie]

where € is any equivalence class of §(f) (which coincides with an equivalence
class of F4(B)), hence by the relation (10) and above remarks we deduce that:

(14) [K(B) : Kiw] = T (T,0) : o(Ky) - [R50) : Kpfo]-

The left-hand side being independent of €, and the equivalence classes in Fy(B)
being classes in F(B) = Fs(B), we have indeed the desired relation (12).

(328) We remark now that the tree I_ﬂ of length r — 1 verifies the condition
32 in the hypothesis of the theorem.

Indeed, let ief,, have a rank strictly smaller than r —1; we have u =u/Q
where uel, u=w=p(B) and u has rank strictly smaller than r. As
satisfies 32, there exists a discrete valuation v’ of rank r such that v'A v=u
for every ve B, v > u; we conclude that v’ = w and v’ =v’/Q is a discrete valua-
tion of rank r — 1 of I?,,, such that v’ A v = u for every v = v/Q, ve 23,, "= u.
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Hence, by the induction hypothesis, for each f € B, there exists a finite extension
K,| K, such that:

(33B) K;| K, is separable;

(34p) there exists an isomorphism I of the configuration {4 onto the con-
figuration of K, generated by the set B, of valuations of K; which extend the
valuations of K, belonging to the set 2—3,, = {v = v/Q | veB, v w = p(B)};
moreover, py(y) is equal to the {_estriction to K, of the valuation I4(y) of K,;

(35B) for each valuation veB, we have:

(15) [K; : K] = X (0(Kp) : 0(Kp) - [Kyfv : Kyfv]

(this sum being over the set I;E,(v) of valuations v of K, which extend v).

We now turn to the consideration of the tree of length 1 T* = {6} U B. We
define a configuration €* = {T*, I'*, K*}.

For this purpose, let I'* be the restriction of I to the tree T* and 6 ; be the
zero homomorphism of I'*(f), while 0,‘,",,,, 93',,, are the identity isomorphism of
corresponding groups. Then, I'* is clearly a value function of T*.

We define R*(B) = K, for every fe B and we let n7/B be the trivial place of
K;. Then K* is a field function of T* and this shows that €* = {T*, T*, K*} is
indeed a configuration.

We consider now the tree £* of K generated by the set W ={wel | w with
rank 1} and we let €* = {T*, w—> w(K), w — K/w} be the configuration of K
generated by the set 9B.

We proceed to prove that €* is a prologation of €*.

We remark that p maps I* onto T* and satisfies obviously the properties
which imply that T* is a prolongation of T*.

As the mapping I'* is the restriction of I" to T* and 6, ; is also the zero homo-
morphism, then properties 22*, 23* of the definition of prolongation of a con-
figuration are satisfied. »

By construction, K; = &¥*(f) is an extension of f, = K/w (where w = p(p))
and property 25* is also trivially verified.

Finally, €* is an admissible prolongation of €*. Property 28* is trivial, pro-
perty 29* is satisfied by construction, as K; | I?,, is a separable extension of finite
degree; and property 30* is also trivial.

We now prove property 31*: if €*, €*’ are equivalence classes in F*(J) = B
we have:

“%‘ (T(B): w(K)) - [R*(B):K|w] = ﬂ,z:e_,(l"(ﬁ') ‘w'(K)) - [8*(B) : K[w']

where p(B) = w for every Be E*, p(f') = w’ for every B’ e E*'.
We remark that €* = €;(w) and similarly *' = €,(w’); as K*(B) = K;, K/w
= K,, we have to compute [Kj: K;].
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We have_already seen at the relation (15) that for every valuation v = v/Q,
v=w, of K;:

[Kp:K;) = X (Kp) : 9(Kp) - [Kelt : Kyf5],

sum over the set I,&,(v) of valuations v of K, which extend v.

By the isomorphism I, of the configuration €, onto the configuration of K,
generated by the set B, of valuations of K, which extend those in B;, we deduce
that y e (v) N F(P) (that is p(y) = v, f <y in T) if and only if I,(y) = v e I;E4(v)
because v is equal to the restriction py(y) of I4(y) if and only if p(y) =v, B < 7.

If I(y) =veB, we have v(Kp) = Iy(y), by 13, hence

(O(Kp) :9(Kp)) = (Tp(y): o(Kp)).

Similarly, if I,(y) = v€B, we have Ry(y) = K,/v (by (14)) hence [Ky/v: K,[v]

= [Rp(?) : Rp/"]-
This shows that _ B _
[K; : K] = PIN(Y 3(v) : o(Kp))  [Ke(y) : Kyfv]

- I [80): K]

(sum over the set E(v) NF(B)), because of relation (10) and Ky(y) = K(y),
l_(,,/E = K/v. So,
X T®: ;}’SGK_)) - [8*(B) : K/w]
= X Xz (T :o(K) - [KY) : K/v]

BEE (W) y €&(v) NFP)

%( , T oK) [R®) : K/v],

y €€l

by 27. But, by hypothesis 31, this last sum is in fact independent of the equival-
ence class E(v), which shows that C* satisfies property 31*.

We remark now that T* satisfies the condition 32* in the hypothesis of the
theorem. We have to prove that there exists a discrete valuation w’ of rank 1
in K such that w’ ¢ 8. By hypothesis 32, given the trivial valuation of K, there
exists a discrete valuation v’ of rank r such that v’ A v is the trivial valuation
for every ve 8. We let w’ be the unique valuation of rank 1, coarser than v’;
w’ is discrete and w’'¢ .

Hence, the theorem being true for the configuration €* of length 1, there
exists a finite extension K] K such that:

(33*) K| K is separable;

(34*) there exists an isomorphism I* of the configuration &* onto the con-
figuration of K generated by the set I8 of valuations of K which extend the
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valuations of 9B, in such a way that p(y) is equal to the restriction to K of the
valuation I*(y) of K;;
(35*) for every valuation we IB:

[K:K] = L (w(K): w(K) - [K/w: K/w]

(this sum being over the set I*E*(w) of valuations w of K which extend w).
We now want to conclude the proof of the theorem by putting together
the partial results already obtained.

For that purpose, we define an isomorphism I of the configuration € onto the
configuration of K generated by the set B of valuations which extend the valu-
tions of 8.

We let I(9) be the trivial valuation of K, I(f) =I*(f)=w for every fe B
and finally, if ye X, y 2 B, we let I(y) be the unique valuation v of K, v = w = I*(f)
such that if w = vy then v/Q = I4(y).

The mapping I:T - I(B) (tree generated by the set B of valuations of K
extending the valuations of ) so defined is one-to-one and preserves the order.
It is also onto I(B), because if veI(V) there exists a unique valuation w of
rank 1, w S v, of K; let fe B be such that I*(f) = I(f) = w, then K/w = K*(B)
= Kp; let v be the valuation of K/w corresponding uniquely to v and let ye @,
be such that I4(y) =v; then v =I(y).

It is also true that for every y e, p(y) is the restriction to K of the valuation
I(y) of K; this is trivial for 6 and for each fe B; if yeZ, y 2 B, as py() is the
restriction of v = v/Q = Iy(y) to K/p(p) = I?,,, and v is the unique valuation of K
corresponding to v, p(y) is the unique valuation of K corresponding to py(y),
it follows that p(y) is the restriction of I(y) to K.

We must finally prove that for every valuation ve 8 we have:

[K:K]= X (uK):o(K)) - [K/v: K[v].

v € 1&(v)

To obtain this relation, we make use of the relations already obtained:

(35%) [K:K] = L (WK :w(K) - [K/w:K|w];

wel*€*(w)

noticing that E*(w)
that we have

[Kp: K] = X @(Kp):o(Kp)) - [Kyfo: Kyfo]

Vel ()

€,(w), K/w = K,, K/w =K, (where w=I(f)) and

(35f)

: OER):E)
= .,em(v)zna(w) (w(K)): w(K)) [K/v: K[v]
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we conclude by 27 that
[K:K]= X z (v(K):o(K)) - [K[v: K]v]

wel€ (w) vel®v) N Fw)

]

z ) ((K): o(K)) - [K[v: K]v].

v € IE&(
This finishes the proof of the theorem.

3. Comments on the theorem.

(36) There is no loss of generality supposing that the given set of valuations
(of finite rank) of K is such that every valuation has the same rank, provided
we make a reasonable assumption on the existence of sufficiently many valu-
tions of given rank in the field.

In fact, in any case, let ve B be of maximal rank r and suppose that for every
v, € B having rank strictly smaller than r there exists a valuation u, of K, of
rank r, such that u; > v;. The set B, of valuations of rank r so obtained is
such that T(B) < T(B,); moreover, we assume that a modified hypothesis 32
is satisfied for B,. Then, the theorem is true for B,, implying its modified va-
lidity for 8.

(37) The significance of the theorem may be roughly expressed in the fol-
lowing way: apart from the already known properties and relations satisfied
by the residue class fields, value groups, inertial degrees and ramification in-
dices of the prolongations of a discrete valuation of finite rank to a finite separable
extension, no other property or relation may be expected to hold in general;
furthermore, given a tree generated by a finite set of valuations of K, the tree
generated by their prolongations may be given at will, provided the necessary
conditions are satisfied.

In other words, no simplification in the general theory of prolongation of
Krull valuations should be expected.

(38) About the hypothesis 32, we recall a result by F. K. Schmidt [13], for
valuations of rank 1, which we have generalized for valuations of finite rank
(cf. [7D:

Let K be a field, complete with respect to a discrete valuation v of finite rank r,
if v’ is a discrete valuation of K of rank r, then v =v (up to equivalence);
similarly, if K is complete with respect to a valuation w’ of rank r, then w' = v
(up to equivalence).

Hence, if hypothesis 32 is satisfied, then K is not complete with respect to
any valuation ve 8.

Thus, if K is complete with respect to a discrete valuation v of rank r, the
only case still left out of consideration gives rise to the following result:

THEOREM. Let K be a field, complete with respect to a discrete valuation v
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of rank r; denote by 0cP,cP,c..cP,_, cP,=M the prime ideals
of the valuation ring A of v.

Let us give, for every P; # 0, an integer e; = 1 so that if i < j then e;divides e;.
Let us give, for every P, #0, a finite separable extension K; of K;= K[vp,
having degree f;, and assume that for 0 # P, = P, we have:

a7 fi=2L.f,

Then, there exists a field K, which is a separable extension of K, of
finite degree n = e, * f, such that if v is the unique extension of v to K then
(wp(K) :vp(K)) =¢; and K|vp, =K; (i=1,...,r), where P; is the only ideal
of the valuation ring A of v corresponding to P;.

Proof. The theorem is true for a discrete valuation v of rank 1, as was shown
by Krull[5] ().

We suppose that the theorem has already been proved for a valuation of rank
at most r — 1.

Let w = vp, hence K is complete with respect to w, and K = K/w is complete
with respect to v = v/P; (see [7]). Now, v is discrete of rank r —1, for each
prime ideal f P;/P, #0 in the valuation ring of v, we have vp , = v,.,/Pl,
K/vpj = K/v,.j, hence, for P, # P; = P; we have

[Ki: Kfor] = 22 [K;: K[i)

because of relation (17). Thus, by induction, there exists a field K, which is a
separable extension of K of finite degree, [IZ K] =(e,/e,) - f, and such that if
v is the only extension of » to K then (v7,(K):7,(K)) = (e/e,), K/' vp, = K; (for
i=2,...,r) where P; is the only prime ideal of the valuation ring 4 of v corres-
pondmg to P,.

Consider now the discrete valuation of rank 1 w of K, for which K is complete.
Given the integer e, and the separable extension K ' K of degree (e,/e,) * f,, bY
the validity of the theorem for valuations of rank 1, we deduce the existence of
a field K, separable extension of K, of degree e; - (e,/e,) - f, =e, * f, such that
if w is the only extension of w to K then (w(K):w(K)) =e;, K/w =K

Let v be the unique valuation of K corresponding to v, that is, finer than w
and such that if w =vp then v =v/P;. Then, v is the only prolongation of v
to K, because v is the only prolongation of v to K. Moreover K/vp =K/v5,
where P, is the prlme ideal of the valuation ring A4 of v, correspondmg to P,

P,/P,; as P; corresponds to P,/P, =P, then P, extends P, and K/v;, = K,.

(1) In case the residue class field K/v=K is a perfect field, then the theorem might as well
be deduced from Hasse-Schmidt-Witt theory of fields, complete with a discrete rank 1 valuation
having perfect residue class field (Hasse [3]).
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Finally, (v7(K):vp(K)) = (05(K): 95(K)) - (W(K):w(K)) = (ej/e;) - e, = e:.
This finishes the proof of the theorem.
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